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Abstract
Michelson interferometry is a laboratory technique that is used for several experiments -
forming interference patterns to determine the wavelength of light, studying wind and
temperature patterns in the upper atmosphere, and detecting gravitational waves with
LIGO. This report explores the latter application; in particular, a first-order
approximation of the effect of Earth’s rotation on the gravitational wave (GW) signals
received by LIGO. This approximation is of pressing significance to next-generation
detectors, whose longer readable signal lengths require consideration of Earth’s rotation
for proper parameter estimation. This report includes a brief background of the general
relativity theory underlying GWs, an account of the current LIGO detector setup and
the GW model it uses, and a far more detailed account of the first-order expansion on
the existing gravitational wave signal model. Finally, the report concludes with a
discussion of Bayesian techniques for parameter estimation on noisy raw data and
further possible works.
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1 Introduction

When Albert Michelson invented the interferometer in 1881, he hadn’t imagined the scale
at which it would be used. Designed initially to probe the wave-like nature of light, his
invention laid the groundwork for some of the most precise measurement tools in physics.
Over time, the interferometer evolved from a tabletop apparatus to a kilometer-scale
scientific instrument. Its journey mirrors the trajectory of modern physics itself, from
classical mechanics to the frontier of general relativity.

1.1 The Gravitational Wave (GW)

Gravitational waves are spacetime ripples produced by accelerating masses, with compact
binary mergers—black holes or neutron stars—among the only sources powerful enough
to be detected by LIGO. When two such masses orbit each other, they lose energy to
gravitational radiation, and their orbits shrink while their inspiral frequency rises. This
makes the gravitational wave signal ”chirp” as its frequency and amplitude rise leading
to the point of merger, manifesting as perturbations in spacetime.
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Figure 1: GW Signal Example.[!]

In the linearized theory of general relativity, the spacetime metric g, represents the
perturbed Minkowski metric 7,,. That is,

Juv = M + h;Lllu |h,u,1/| <1 (1)

The perturbation 5, takes a particularly convenient form for a wave propagating in the
z-direction:
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This form reveals two independent polarization modes of the gravitational wave (see
Figure 1):

e h,: the plus polarization, which stretches and compresses spacetime along the x-
and y-axes.
e hy: the cross polarization, oriented at 45 degrees to the plus mode.
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Figure 2: Illustration of gravitational wave polarizations along transverse plane: h, and
hy[1]

Both modes are transverse to the direction of wave propagation (along the z-axis).
This is characteristic of gravitational radiation in free space.

2 Current GW Signal Model

2.1 What is an interferometer?
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Figure 3: Standard Michelson Interferometer. L is the length of the interferometer’s
arms. [3]

An interferometer is a scientific instrument that uses the principle of interference to
make precise measurements of displacement. In the case of a Michelson Interferome-
ter, such as those used in LIGO, laser light is split into two beams that travel along
perpendicular arms. These beams are reflected back by mirrors and recombined at the
photodetector. The resulting interference pattern depends on the difference in the path
lengths traveled by the two beams.

The path length difference AL between the arms is related to the measured phase
difference A¢ by:

AAP
27
where A is the wavelength of the light beam used in the experimental setup.

AL = 2)




At its most sensitive state, LIGO is able to detect a change in distance between its
mirrors 1/10,000th the width of a proton ( 107! m) across its 4km arms [3]! Streams of
strain data h = AL/L are noise-reduced (primarily via high-pass filtering) and compared
with a template bank of various simulated GW signals to detect merger events.

2.2 How are multiple interferometers used?

LIGO-Livingston, LIGO-Hanford, and Virgo are used together for coincidence detection
(that is, to ensure that a real astrophysical event is being observed) and to determine
the sky location of an observed event. Each detector’s axis orientation determines its
sensitivity to the ”+” (plus) and 7 x” (cross) polarization modes of the wave, which are
described by the detector-specific response functions Fy and F\, respectively. F, and
F, depend on ®, the sky angle §, and the polarization angle .
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Figure 4: Visual representation of how GW signals are received at Earth. ®(¢) and 0 are
sky-location angles, the polarization angle 1) is the angle of projection of the merger’s
angular momentum L onto the GW signal’s transverse plane, At[det| is the time delay
of the signal from some reference At|ref].

In a network of detectors, the arrival time of the GW signal at each site varies due to
differences in geographic location. At, the arrival time of a signal relative to its arrival
time at the reference detector (in our case, LIGO Livingston), is critical for localizing the
GW source in the sky (see Equation 6).

The angle ®(t), representing Earth’s rotation, evolves over time as:

D(t) = o + QT — to) (3)

from some arbitrary starting time ¢y, and where €2 is Earth’s rotational rate. In a sim-
plified non-rotating Earth model, Q = 0, so ®(t) = y.

In a rotating Earth model (such as the one in Section 3 of this report), all variables
dependent on ®(¢) inherit time dependence: F'y(t), F\(t), At(t).



2.3 Zeroth Order (in ©2) GW signal model

The strain h(t) measured by a single detector is a linear combination of the two GW
polarization components h, (t) and hy(t), scaled by the detector’s response coefficients:

h(t) = Fy[det] - by (t — At[det]) + Fy[det] - b (t — At[det]) (4)

The [det] indicates dependence on a particular detector, which will remain implicit for
F., F,, and At in most future equations.

Notably, h, and h, are determined by some set of compact binary merger parameters,
6 (these parameters are listed in Section 4).

F and F are given by:

F, = X"D[det]X — YT D[det]Y, F, = X"D[det]Y + YT D[det] X, (5)

where D is a 3 X 3 symmetric, constant matrix describing a detector’s orientation and

location:
Dyy Dis Dig

D= | Dia Dy Do
Di3 Di3 Dsg

The vectors X and Y are on the transverse plane of a GW:

B sinfbcosw—sinwcosfbcos(%—(5),
X = —cos@cos¢—sin¢sin<1>cos(g—5), ,
sin 1) sin (g — 5)
. —sin@sim/z—cos@cosdzcos(%—5),
Y = cos@sinw—sinq)coswcos(%—5),
cos 1 sin (g — 5)
The time delay At of a given detector from the reference detector is given by:

1
At[det] = —(r[det] — 7lref]) - Esre, (6)
c
where:
e "= (z,y, 2) is the location of a detector relative to the center of the Earth

e The [ref] represents dependence on the reference detector (as opposed to some
arbitrary detector indicated by [det]).

® ¢, is a unit vector aligned in the direction of propagation of the GW, expressed

as:
cos (g - 6) cos ®
Care = | COS (g — 5) sin ®

sin (% - 5)

e c is the speed of light

To estimate merger parameters 6 from LIGO data, we assume that noise in the signal
strain is Gaussian-distributed in the frequency domain. Thus, we use GW signal models
written in the frequency domain (see Section 4). We can obtain this by taking a Fourier
Transform of Equation 4, noting that time-shifts in the time domain result in phase-shifts
in the frequency domain (Transform T3):

W(p) = [Eehi () 4 B (f)] 7705 (7)

bt



2.4 Why Account for Earth’s Rotation?

For current detectors (LIGOs/Virgo), signals typically last O(10) seconds. During these
timescales, Earth’s rotation causes only minor variations in detector orientation (F, F
coefficients) and time delays (At between detectors).

However, next-generation detectors will fundamentally change this picture. The GW
frequency evolution follows:

, 96 GM\ "
2fcw = gﬂs/g (C—g) (2fcw)"/? (8)

with M being the chirp mass of the binary merger and GG the gravitational constant.

chirp duration in s measured from 10 Hz = 0.00466691
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Figure 5: Frequency evolution showing characteristic ”chirp” (greater-than-exponential
growth) in final moments before merger. Effectively, a plot of fow(t) from Equation 8.

[4]

As a result, a seemingly small decrease in the cutoff frequency of a detector (that
is, the GW signal can be recovered at lower frequencies) will result in a greater than
exponential increase in the detectable signal duration!

£ 102,

E = al|GO A Plus

. = CE

7 - iF

8 10-40 (== recent Livingston

©

B 104+

L]

Q

@« 48

% 10

=

o 1 10 100 1000
f [Hz]

Figure 6: Noise spectra showing improved low-frequency sensitivity [2].



Key differences emerge when comparing detectors:

Parameter Current Next-gen
Cutoff frequency 8 Hz 3 Hz
Observable duration Seconds  Hours

Table 1: Detector capabilities comparison

Thus, with next-gen detectors allowing signal observations on the timescale of hours,
Earth’s rotation becomes significant.

3 First-Order Perturbative Expansion

3.1 Time Domain Representation

From Equation 3, it is clear that a rotating Earth model must introduce time-dependence
to quantities dependent on ®(t), including F,, F\, and At as:

hrot(8) = F1p (1) - ho (8 = AL()) + Fi(t) - hx (8 = AL(1)) (9)

3.1.1 Expansion of key terms in {2

To account for Earth’s rotation, we expand each time-dependent term to first order in

), the Earth’s rotational rate. This yields linear perturbations around the non-rotating
Earth model (€ = 0):

Fi(t) = Fiy(to) + - (t —to) - 74,
Fy(t) = Fi(to) + Q- (t —to) - 7x,
At(to) + - (t —to) - n, (10)
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where vy, v«, and n are constants derived by first order expansions of Equation 5 and
Equation 6. Higher order terms in €2 are neglected in this approximation.

To get an idea for what the mathematics behind these expansions look like, let’s
explore the simplest one: the first order expansion of At(t). For cleaner notation, we’ll
use the subscripts d and r to denote positional coordinates of the detector and reference,
respectively. Expanding Equation 6 and evaluating it at ¢t = #:

At(t) = %[(:cd — ;) cos(g —9)cos P(t) + (ya — yr) cos(g — ) sin ®(t) + (zq — 2r) Sin(g —0)]

At(ty) = %[(xd — ;) Cos(g — §) cos Py + (ya — y») cos(

B

—0)sin Py + (24 — 2,) sin(g —0)]

Per Equation 10, we need to find the difference between the expressions above and
factor out Q- (t —ty) to determine 7. Evaluating the following two expressions in advance
using Equation 3 and a first order expansion in )2 makes this simpler:

cos P(t) — cos Py = cos(Py + Q- (t — 1)) —cos Py~ —Q - (t — tg) - sin Py

Similarly,
sin®(t) —sin®y ~ Q- (t — tg) - cos Py

7



As planned, we can now calculate n:

At(t)—At(ty) =

% [(zqg — xp)cos (5 — 8) (—Q- (t — to) sin®o) + (ya — yr) cos (5 — 8) (- (¢t — to) cos Do)]

n= 1 cos (5~ 6) [l — ) cos @ — (z — ) sin ¥ (1)

The other expansions required are significantly longer, though similar in procedure.
While those details will not be covered in this report, the final closed-form expressions
for v, and vy« can be found in Appendix ?7?.

3.1.2 Using F, (t), Fx(t), At(t) expansions for first-order perturbation of h(t)

Let’s focus on expanding Fy (t) - hy(t — At(t)). The cross-polarization terms will follow
similarly.
It is trivial to incorporate the linear perturbations in F (¢):

huot(t) = Fy(to) - hoy(t — At(t)) + Q- (t —to) - v+ - hy(t — AL(t)) + (cross terms) (12)
Next, we can expand h (t — At(t)) as:
Bt — At(to) — 7+ (= t0)) ~ b (£ — Ablto) — Ut —to) - 11+ ' (t — At(to)

Substituting this result into Equation 12, omitting greater-than-linear order terms in €2,
and subtracting the zeroth order model Ayono1(t) (see Equation 4) yields the following
result:

Prot (t) = Pmonrot (t) = Qt — to) |4 - hoy (t — At(te)) — 1 - Fy(to)h'y (t — At(to))]
+ (cross terms). (13)

3.2 Frequency Domain Representation

As explained in Section 2.3, we use GW models in the frequency domain. This necessitates
transforming the perturbed strain in Equation 13 to the frequency domain, for which we’ll
use the following key Fourier identities:

t-w(t) %a—fﬂz‘(f) (T1)
2 (t) L 2omif - 7 (f) (T2)
a(t—7) 5 E(f) e 2T (T3)

Again, we’ll focus on the plus terms in our calculation and infer the cross terms. Let’s
tackle this problem in bits. Using Transform T'3:

Bt = At(ty)) 5 b (f) - e2mil A0
Similarly, using Transform T2:

W (t— At(te)) 5 2mif - hy(f) - e 2m Ailto)



Using the above two transforms, we can deduce from Transform T1:

t-hy(t—Att)) S iﬁ;(f) L2l At) 4 At (1) Ry (f) - e 2 Atlto)
£ (= At(to)) 5 R (f) - e AU) — fR () - 7T omif - At(to)ha (1) - A

Having the Fourier transforms of hy (t — At(ty)), t - hy(t — At(ty)), W, (t — At(ty)),
and t - b/, (t — At(ty)), it is trivial to compute the Fourier transform of Equation 13. By
defining the following constants to simplify notation:

ap = 6—2mf-At(t0) ’

af =ao{n- Q- Fi(to) [1+2mif - (to — At(to))] — 4 - Qto — At(to)] + Fy(to) },

1
a§=ao-9{5-7++n-F+(to)-f}.

we arrive at a compact frequency-domain representation of the perturbed strain:
heot(f) = af - b (f) + a5 - B (f) + af - hoe(f) + a5 B (f) (14)
Here, a; and a; are analogous to their plus-polarization counterparts. The derivatives

b and b/, can be computed exactly using automatic differentiation or approximately by
finite differencing.

4 Parameter Estimation

There remains one thing to (briefly) explore: how is a gravitational wave model used to
conduct parameter estimation? We are given observation d(f) = h(f,0) + n(f), where
h(f,0) is our GW model and n(f) ~ N(0,%5,(f)) under the assumption that noise in
our data is Gaussian in the frequency domain. S,,(f) represents the spectral noise density
(see Figure 6). We use the following Bayesian parameter estimation framework:

P(6]d) < P(d|9) - P(8) = L(0) - P(0)
where:

e O represents the merger parameters (chirp mass, spins, location, orientation, tidal
deformability for neutron star mergers)

e P(6) is the prior probability distribution
e L(0) = P(d|f) is the likelihood of observing data d given parameters 6

For GW analysis, we compute the log likelihood as a means to obtaining the posterior
probability for a certain set of parameters, P(6|d), given by:

log L(6) = (d(/)IA(£.6)) — 5 (S O)1h(.0) (15)

where the inner product is defined as:

a*(f)b(f)
(alb) :Re{ T—}



T is the observation duration.

The full posterior distribution in #-space is typically explored computationally via
Markov Chain Monte Carlo (MCMC) methods.[5] This allows us to quantify both the
most probable parameter values and their uncertainties.

5 Conclusion

With readable signal durations on the order of hours, next-generation detectors will
require more than a first-order approximation in 2 to obtain closed-form GW signal
estimates. That said, the first-order approximation, Equation 14, will hold where the
zeroth order model begins to collapse, making it useful in determining the signal dura-
tion at which the zeroth order model’s parameter estimations meaningfully diverge from
the ground truth. This threshold could equivalently be evaluated in terms of detector
frequency cutoff or binary merger chirp mass (see Equation 8). More generally, Equa-
tion 14 serves as a good benchmark for how GW strain models perform when the Earth’s
rotation comes into play.

Future directions for this work include determining second- and higher-order pertur-
bative models, developing a closed form solution for Bmt( f), and deep-learning based
techniques for parameter estimation. More advanced models may also incorporate other
dynamic effects such as tidal distortions or non-uniform rotational influences. Ultimately,
bridging the gap between theory and practical detection demands a continued refinement
of our models—ensuring that next-generation detectors can fully realize their potential
in detecting compact binary mergers.
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